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Introduction

When inclusions have a higher elastic modulus than the
matrix, the chief effect of the filler is to increase the moduli
of the composite. Theories of varying degrees of refinement
have been reviewed "2 to account quantitatively for spherical
filler particles and uniaxially oriented infinitely long fibres.
For aligned chopped fibre composites, Halpin and Tsai® in-
troduced a simple set of approximate equations which were
later employed by Halpin and Kardos® to study the elastic
moduli of partially crystalline polymers. Recently, Porter
and his colleagues®* have found that the Halpin—Tsai equa-
tion does not provide a correct estimation of the crystal
shape in semicrystalline polyethylene.

Based on a recent model developed by the author®”, the
relation of the modulus of semicrystalline polymers and the
shape of crystallites will be discussed here. Because stress
concentration factors are very critical parameters in the
study of fracture and strength of heterogeneous materials, a
relation is proposed for their determination which includes
the effects of particle shape and volume concentration of
fillers.

Modulus

The modulus of a crystalline polymer has been considered
by Takayanagi®. His series—parallel model gives the effective

* This paper was a part of the presentation at the 2nd Joint Meeting
of U.S. and Japan Societies of Rheology, Symposium on Suspensions
and Filled Systems, Kona, Hawaii, April 1979
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tensile modulus

1—
Ey= d + llf] (D

0B+ -0)E; B

where the subscripts f and m identify the crystalline and
amorphouse phases. The amorphous region is of volume Y
and the crystalline region (1 — @), The basic problem with
the model is how to decide the values of Y and 6.

In an alternative approach, Halpin and Kardos® employ
the Halpin—Tsai equation? to determine the modulus of
semicrystalline polymers from the crystal shape characterized
by the aspect ratio //d. For a uniaxially oriented morphology
the tensile modulus is given by

E\\/Em = (1 +eng)/(1 —nd) )

where 0 = (Ef/Em — D/(Ef/Em +€), € = 2(/d) and ¢ is the
volume fraction of crystals.

From electron diffraction measurements of ultradrawn
polyethylene, Crystal and Southern® observed extended chain
crystals approximately 200—250 A in diameter and 5000 A
long. The properties of high-density polyethylene are’



Ef=2.4x 1012 dyn cm—2
Eyy =1x 109 dyn cm—2 3
¢=0.85

Mead, Porter, Southern and Weeks*® found the crystal
shape, calculated from equation (2), much greater than the
measured aspect ratio //d = 20-25. This conclusion is not
entirely surprising because equation (2) was reduced from
Hermans’ solution® to a simple approximate form contain-
ing a geometric parameter €. The parameter is determined
for ordinary short-fibre reinforced plastics with the ratio of
Ef/Ey, rarely exceeding 1000. The ratio of moduli for semi-
crystalline polyethylene is 2400. Thus, the Halpin—Tsai
equation originally proposed for composite materials may
not be adequate for semicrystalline polymers.

A recent model by the author’ has considered fully the
effects of particle shape and concentration of two phase ani-
sotropic heterogeneous materials. There is no fitting parameter
in the model. Both the filler and matrix are assumed isotropic.
Fillers are treated as identical spheroids

(3 +x})/a +x}/c? = (4)

When the corresponding axes are aligned and the spatial dis-
tribution of the fillers is random and homogeneous, the
medium as a whole becomes transversely isotropic about the
x3 axis. The effective longitudinal Young’s modulus £, is
given by

Ey _ L+ (kfkm — DG+ 2ug/im — DK s

Ey 2K1G3+G1K3 %)
where k is the bulk modulus, u is the shear modulus,

Ki=1+(kgkm— 11—y (i=13) ;

Gi=1+(ufm — DA -9)  (1=13) ©

a; and B; are functions of the aspect ratio p = ¢/a and
Poisson’s ratio vy, of the matrix (see Appendix). Equation
(5) compares well with experiments for reinforced plastics’.
For spherical fillers (0 = 1),K; =K3=K, G1 =G3=G and
equation (5) reduces to the well known Kerner equation”.
When the aspect ratio p = = equation (5) becomes the
limiting upper bound for semicrystalline polymers®. Mead
and Porter? measured the tensile modulus of ultraoriented
high-density polyethylene: £1;= 50 x 1010 dyn cm~2. Using
equation (3) and assuming vy = 0.25 and vy, = 0.45, the cal-
culated shape of crystallites from equation (5) is p = 30
which is very close to the measured aspect ratio (J/d=

20 —25). This suggests the potential use of equation (5) in the
structure—property estimation of a semicrystalline polymer.

Stress concentration

The ratio of the maximum stress to the applied stress
defines the stress concentration factor. Consider aligned
prolate spheroids (see equation (4) with ¢ > a) in a matrix
of lower modulus under a uniform tensile stress parallel to
the x3 axis. The maximum stress occurs at (x1, x2, X3 )=
(0,0,¢) where cohesive and/or adhesive failure takes place.
Therefore, the determination of stress concentration factor
is essential for heterogeneous materials.

Traditionally, the stress concentration calculation has
been limited to a single isolated inclusion'~** which does

Stress concentration factor
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not include the concentration dependence. The analysis, to
include the filler—filler interaction, follows exactly the mean
field theory developed for elastic moduli” (see equation (5))
and thermal expansion'?,

The spheroids are assumed to be firmly bonded to the
matrix and the composite as a whole is macroscopically
homogeneous. The volume average of internal stresses,
(0,4, inside prolate spheroids due to uniform applied stress
o4 can be determined from”

(1-9) [(7\f - km)Skkpqaij + 2(“f - “m)Siqu] <0pq)
+ N {0)8 1 + 2utyn 03 = NpoA 85 + 2509 (7

where A = k — 2u/3 is the Lame constant, & jj is the Kronecker
delta, Sjjpq is Eshelby’s tensor”'® and e is the dilatation.
There are five independent equations with (g3 ={03>.

Consider a uniform tensile stress 0§13 as the only non-
trivial stress applied to the system. The stress concentration
factor is

{033 _ (ki/km)G1 + 2(kg/m)K 1

S= 8
0’313 2K1 G5 +G1K3 ®
where K; and G; (i = 1,3) are given in equation (6). The
above equation contains both shape and concentration
effects of fillers, When ¢ — 0 and p = 1, equation (8)
becomes
S = [(kelkm)/K + 2(uslkm)IG }/3 )

which is the classical Goodier Equation’'. For illustration,
consider glass-filled poly(phenylene oxide) (PPO) possessing
the following properties:

Ef=73.1x1010dyn cm~2, up=0.22

(10)
Ey,= 2.6 x 1010 dyn em™2, gy, =0.35

The stress concentration factor is calculated from equation
(8) as a function of p and ¢. The general behaviour is shown
in Figure 1. It reveals that the concentration dependence
diminishes for large values of the aspect ratio.
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Figure 1 Effects of p and ¢ on the stress concentration factor,
A,¢—>0,B,9=04
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Appendix oy =og = s l(l + Vm)

The parameters for equation (6) are listed in the following: 1 -y
aj =4nQ/3 —-2(2r - R 2 (4 - Svp,
Br=f3=0=—A——
a3 =41Q/3 + 4(I - MR 15\ 1 —vp,
ERRATUM

‘Proton spin-lattice relaxation in vinyl polymers and an application of a solvable model of polymer dynamics’
F. Heatley* and J. T. Bendlert

There is an error in the definition of the relaxation coefficients in equation (3) of reference 1, concerned with coupled proton
spin-lattice relaxation in vinyl polymers. The equation defining the cross-relaxation coefficients T4 xy and Tx4 is in error by a
factor of 2, and should read

|| _x 12J(wy + wy) — 2J(wy — wy)
Tax 2Txa RSy

This error is solely a transcription error. Relaxation parameters reported in reference 1 were evaluated using the correct form.
Unfortunately, the incorrect expression was employed in a subsequert application of a jump model of polymer motion? As

a consequence of the correction above, calculated nuclear Overhauser enhancements given in Table III of reference 2 should

be multiplied by 2. The agreement with experiment is much improved. (Note also that the entry for the parameter N4 at 10°C

in the fourteenth column of Table IIT has been incorrectly printed as —0.9 instead of —0.09.)
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